Mathematics 74-114 Midterm Examination - Solutions
Spring 2012

I Let p: X Xbea covering map which is n-sheete d, 2 < n < oo Prove
that there is no map s : X — X such that ps = id. (Such a map is called a
section of p.)
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II. Let G be a group with unit e and let $ € G be a set. The normal
closure S of S is defined to be the intersection of all normal subgroups of G

which contain S, Prove

T = felUfey - cx L k> 1, ¢ =asifa;!, where q; € G, s; € S and ¢ = 1},
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III. For any two based spaces (U, uo) and (V,vp) let {U, V] denote the set of
based homotopy classes of based maps (U, 1) — (V,up). Now let (A, ap),
(X, 20) and (Y, 39) be based spaces and define

0:[A,X xY] - [A X] x[AY]

by 0[f] = (1 f], [p2f1), where py : X x Y — X and o : X x Y — ¥ are the
projections. Prove that 4 is a well-defined bijection.
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IV. Let f: X — Y be a map and let p: Y - Y be a covering map. Define
the pull-back P by

P={(z,5) |z € X, § € Y with f(z) = p(D)}.

Definemaps ¢: P — X and 7 : P — X by ¢(z,7) = « and r(x,9) =
1. Prove that ¢ : P — X is a covering map.

2. Prove that r induces a bijection ¢~} {x) — p~'(f(z)).

3. Prove that there is a section for ¢ : P = X (thj_\.t is, amaps: X —» P
such that gs = id) if and only if f can be lifted to V.
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V. Let X he any normal cover of X with covering map p, let 2o € X be
the base point and choose Ty € p~'(xg). Define 8 : w(X, %g) = A(X) (the
group of deck transformations) as follows: Let a = =[] € w(X, @) and let
T be the lift of I to X starting at ¥p. Set xf = l(l) Then p,,?r(X 'Lg) and
p*?r(X , &) are conjugate, hence equal. Therefore there exists ¢ € A(X) with
$(Fg) = xp. Set 8{«) = ¢. Prove

1. @ is a homomorphism.

2. Kernel ¢ = p*fr()?, To).

Thus 6 induces a homomorphism 8 : w{X, 7o) /p,;fr()? ,Tp) — A(X), where
(X, zo) /p.m(X, o) is the set of right cosets. Prove ‘

3. M = j, where A : A(X) = pM(wo) and p
p~ o) have been defined in class.
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